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Abstract 

We demonstrate that only two ansatz can produce the features of the neutrino mixing angles. 
The first ansatz comes from the quark-lepton grand unification; voi = VcKM^a is satisfied for left- 
handed neutrinos, where vm = (zz/ji, i'd 2 -, are the Dirac mass eigenstates and Va = fie, nfi 
are the flavour eigenstates. The second ansatz comes from the assumption; ODi = Uumaximaini is 
satisfied between the Dirac mass eigenstates V£)i and the light Majorana neutrino mass eigenstates 
Vi = fii,V 2 ,n'i), where Ubimaximai is the 3x3 rotation matrix that contains two maximal mixing 
angles and a zero mixing. By these two ansatz, the Maki-Nakagawa-Sakata lepton flavour mixing 
matrix is given by Umns = ycKM^imaximai- We find that in this model the novel relation 
Osoi + ^13 = 7I'/4 is satisfied, where Ogoi and 0i3 are solar and CHOOZ angle respectively. This 
’’Solar-CHOOZ Complementarity” relation indicates that only if the CHOOZ angle @13 is sizable, 
the solar angle Ogoi can deviate from the maximal mixing. Our predictions are Ogoi = 36°, 0i3 = 9° 
and 9atm = 45°, which are consistent with experiments. We also infer the CP violation in neutrino 
oscillations. The leptonic Dirac CP phase 6mns is predicted as sinSuNS — AX^y, where A,X,r] 
are the CKM parameters in Wolfenstein parametrization. In contrast to the quark CP phase 
hcKM — C{1), the leptonic Dirac CP phase is very small, 6mns — 0.8°. Furthermore, we remark 
that the ratio of the Jarlskog CP violation factor for quarks and leptons is important, because the 
large uncertainty on rj is cancelled out in the ratio, Rj = Jckm/ Jmns — 4\/2HA^ ~ 5 x 10“^. 
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In the past several years, our knowledge about the lepton flavour structure has been 


drastically improved by the progress of neutrino oscillation experiments [1|, 12,1 
Theoretical lepton flavour models have been extensively studied (for a recent review, see 
e.g., s and references therein), however, there is still no standard answer. Therefore, 
trying to understand the lepton flavour structure is a very important theoretical challenge 
in particle physics today. 

In this Letter we demonstrate that only two ansatz can produce the neutrino mixings. 
Two ansatz will be discussed soon. We And a novel relation 9 soi + 6*13 = vr /4 between the 
solar mixing angle 6 soi and the CHOOZ angle ^13. We call this relation the ’’Solar-CHOOZ 
Complementarity” in this Letter. We also infer the CP violation in neutrino oscillations. 
We remark that the ratio of the Jarlskog CP J factor for quarks and leptons is important, 
because it does not depend on the CP violation parameter with large uncertainty. 

We write the lepton flavour mixing matrix 


Vi , 


( 1 ) 


where Va = (r'e, are the flavour eigenstates and Vi = (i/i, 1/2, ^3) are the light Majorana 

mass eigenstates. The 3 x 3 unitary matrix Uai is the Maki-Nakagawa-Sakata (MNS) lepton 
flavour mixing matrix Ua^at q IidII . The current status of the neutrino oscillation parameters 
is elegantly summarized in [uj. 

The first ansatz in our approach comes from the quark-lepton grand unification . We 

write the first ansatz 


— VcKM^a, ( 2 ) 

where vm = {vm, 1^02,1^03) are Dirac mass eigenstates and v^ are the flavour eigenstates. 
The reason that we expect this ansatz is quite simple. For the quark sector, in the Standard 
Model u = Vckmu' is satisfied for the left-handed quarks, where u = {u,c,t) are the Dirac 
mass eigenstates and u' = («', c', t') are the flavour eigenstates. The Vckm is the Cabibbo- 
Kobayashi-Maskawa (CKM) quark flavour mixing matrix In the quark-lepton grand 
unification, the Dirac mass structure can be same for quarks and leptons. Therefore, the 
same Dirac flavour relation would be satisfied between quarks and leptons, and the first 
ansatz m can be naturally expected. Because of this ansatz, the neutrino mixing angles 
and the leptonic Dirac CP phase can be given in terms of the CKM quark mixing parameters. 
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Before discussing the second ansatz, we give some comments on the hrst ansatz. If you 
are experimentalists, you can skip this paragraph and go to the second ansatz. We know that 
the up quark mass matrix equals to the Dirac neutrino mass matrix in SO(IO) or Eq grand 
unihcation. And the down quark mass matrix relates to the charged lepton mass matrix in 
SU(5), SO(IO) or Eq grand unihcation. Therefore, in SO(IO) or Eq grand unihcation, the 
hrst ansatz m can be naturally expected. However, in these grand unihed models, it is well 
known that the CKM mixing matrix is predicted as Vckm = 1 , because all the standard 
model fermions (+ right-handed neutrinos) are unihed into the same gauge multiplets. We 
can overcome this difficulty, and construct the realistic models that predict Vckm = 1 + A 
by 1) adding the higher dimensional Higgs multiplets and/or 2) considering the non- 
renormalizable higher dimensional interactions [l^ and/or 3) using the twisting mechanism 
in Eq unihed models Q|. Such explicit model buildings are important studies, however, in 
this Letter we take a somewhat diherent view. Instead of specifying scenarios of the unihed 
models, we only impose the hrst ansatz 0 that is motivated by the quark-lepton grand 
unihcation. 

The second ansatz comes from the assumption. We write the second ansatz 


^Di Ujjijyiciximal i 


( 3 ) 


where uci are the Dirac mass eigenstates and Ui are the light Majorana mass eigenstates. 
The 3x3 rotation matrix Uumaximai contains two maximal mixing angles (1-2 mixing and 
2-3 mixing) and a zero 1-3 mixing. This second ansatz means that the dimension 5 ehective 
interaction yijLiLjHH/M is diagonalized by Uumaximah where Li is the SU(2) lepton doublet 
in the basis of z/ = va and H is the Higgs doublet, yij are Yukawa couplings and M is an 
energy scale to be understood as the right-handed Majorana neutrino mass scale because of 
the neutrino seesaw mechanism jl^ . 

Before further discussions, we give the reason why we impose the second ansatz by as¬ 
sumption. First of all, even in any grand unihed models (for example, SU(5), SO(IO) or Eq)^ 
in general there is no theoretical relation between the Dirac mass eigenstates and the 
light Majorana mass eigenstates Vi, if we do not impose hypothetical havour symmetries or 
texture. Therefore, in this Letter we impose the simplest assumption that is motivated 
by the neutrino oscillation experiments |liy,y,y,y,y,y,y|, and demonstrate that the 
assumption © and the hrst ansatz © are sufficient to produce the neutrino mixings. The- 
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oretical models with flavour symmetries that produce the bimaximal mixing matrix have 
been studied 1^, however, in this Letter we do not discuss such symmetries. 

From Eq. ((T)) and two ansatz (j2I) and ©, we can write the neutrino mixing matrix 


Umns ^CKM^bimaximal ■ 


(4) 


This equation shows how neutrino mixing angles and the leptonic Dirac CP phase can be 
given in terms of the CKM quark mixing parameters. We do not consider the Majorana 
CP phases in this Letter, which do not affect neutrino oscillations. In our approach, Eq. 0 
comes from only two ansatz Q and 0 . We comment that the similar relation was studied 


3,0, HE 


23|. 


from different motivations and by different ways __ _ 

In this Letter we consider the CKM mixing matrix in Wolfenstein parametrization m 
From Eq. 0, the neutrino mixing angles can be expressed in very simple form 

sin^ 2eatm = 1 + 0(A"), sin^ 26^01 = I - 2X^ + (P(A^), sin^ = y + 0{X^), (5) 

where A = sin 9c- We And that Eq. © leads to a novel relation between the solar angle 9soi 
and the CHOOZ angle 613 


TT 


9 sol + 6^13 — — + (P(A^), 


( 6 ) 


where A^ radians ^0.6° for A = 0.22 
Complementarity 


This relation is similar to the Quark-Lepton 


26|, which refers the relation 9soi + 9c = t^/4: between the solar angle 9soi 
and the Cabibbo angle 9c{— 13° [H|). In this sense, we have named the relation (jHl) as the 
’’Solar-CHOOZ Complementarity”. However, in contrast to the Quark-Lepton Complemen¬ 
tarity 0, Eq. ( 0 ) indicates that only if the CHOOZ angle ^13 is sizable, the solar angle 9, 
can deviate from the maximal mixing 7 r/ 4 . For A = 0.22 2^, our predictions are 


sol 


9atm = ^5° + OiX^), 9s,i = 36°+ OiX^), 9,3 = 9° + OiX^), (7) 

which are consistent with experiments H|, and A^(A^) radians ~ 0.1°(0.6°) for A = 0.22 0|. 
Furthermore, Eq. and the experimental upper bound on the solar angle 9soi Hi 
lower bound on the CHOOZ angle 6*13 


sin^ 9soi < 0.38 (0.41) 


7° (5°) < 013, 


( 8 ) 


where 3a (4cr) for the experimental bound 


Q- 
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We also infer the CP violation in neu 
standard Jarlskog CP violation J factor 


rino oscillations. In our model, from Eq. Q, the 


27j | is given by 
1 


Jmns — 


(9) 


where A, A and t] are CKM quark mixing parameters in Wolfenstein parametrization j24 
We can also write the Jarlskog CP violation J factor only with the quantities in Eq. © l2j 


Jmns = - V"sin^ 26 'soi Vsin^ 29 atm Vsin^ 013 ( 1 - sin^ 6*13) sin Jmats, 


( 10 ) 


where 5mns is the leptonic Dirac CP phase. Therefore, from Eqs. ©, © and (ITn|) . the 
leptonic Dirac CP phase is predicted as 


sin 5mns - AX^t]. 


( 11 ) 


Eq. (fTT|) indicates that in contrast to the quark CP phase Sckm = 
Dirac CP phase is very small. 


60° ±14° 


25|, the leptonic 


Smns — 0.8°, 


( 12 ) 


Q 


where we have used A = 0.22, A = 0.85 and fj = 0.33 with fj = 77(1 — A^/2) 

We hnally remark that the ratio of the Jarlskog CP violation J factor for quarks and 
leptons Rj = Jckm / Jmns is important, because the large uncertainty on rj is cancelled out 
in the ratio i?j. 


Rj = ~ aV2AX^ ~ 5 X 10-2, (13) 

Jmns 

where Jckm — A^X^rj j^. Thus, the ratio Rj does not depend on the CP violation 
parameter rj and is determined only by the mixing angle parameters A and A with less 
uncertainty. Although 5ckm S> Smns, -C 1 is satished due to the smallness of the CKM 
quark flavour mixing angles. 

In conclusion, we have demonstrated that only two ansatz © and © are sufficient to 
produce the neutrino mixing angles, and presented their analytical expressions ©. We 
have also discussed the CP violation in neutrino oscillations. If our predictions of the CP 
violation (USD and the ’’Solar-CHOOZ Complementarity” relation © will be conhrmed by 
the future experiments, we should take our two ansatz (ED and © seriously and investigate 
the theoretical origin of the second ansatz ©. 
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